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Thermal analysis and parameters identification of low
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ABSTRACT – This paper presents a simplified thermal model of
a low power brushed PMDC motor, based on the thermal-electric
analogy. Model parameters are estimated using a constrained
optimization algorithm, which minimizes the error between
model prediction and measurements. Permanent magnet DC
commutator motor is still widely used in numerous applications
despite the increased employment of brushless motors. The
automotive industry, in particular, employ low power brushed
motors in electron-hydraulic systems (e.g. anti-lock brake systems
– ABS/EPS) and auxiliaries such as windshield wiper mechanisms.
Winding temperature prediction is relevant to improve driving
strategy and increase motor life expectancy. Existing modeling
techniques, apply dedicated software based on numerical methods
of finite elements (FEM) or models with complex schemes which
are not convenient for embedded system implementation due to
limited memory and real time computation capacity. Results
demonstrate that a simplified fifth-order model, is adequate to
accurately predict winding temperature under a wide range of
load conditions.

PMDC motor, thermal analysis, heat transfer, winding tempera-
ture.

1. INTRODUCTION

Permanent magnet DC commutator motor is still widely used
in numerous applications despite the increased employment
of brushless motors. The automotive industry, in particular,
employ low power brushed motors in electro-hydraulic systems
(e.g. anti-lock brake systems – ABS/EPS) and auxiliaries
such as windshield wiper mechanisms. Winding temperature
prediction is relevant to improve driving strategy and increase
motor life expectancy. Brushed PMDC motor drivers applies
usually open loop strategy, thus, winding temperature is not
considered to regulate armature current. This approach may
lead to winding overheat, reducing lifetime of the device and
generating serious failures [1]. This study corresponds to the
first stage in the development of a complete thermo-mechanical
model of the windscreen wiper system, required by Renault
S.A.S. to improve life expectancy of the motors that power the
mechanism. Existing modeling techniques such as presented in
[2] and [3], apply dedicated software based on numerical meth-
ods of finite elements (FEM) or models with complex schemes
that are not suitable for embedded system implementation due
to limited memory and real time computation capacity.

This paper presents a simplified model that accurately
predicts the temperature rise of motor winding based on Cauer
electrical analogues.
This document is organized as follows: details regarding the
modeling approach and definition of model structure are pre-
sented in section 1 and 2 respectively. Then, section 3 explains
the parameters estimation method. Test setup and validation
results are described in section 4 and 5. Finally, conclusions
and further work are stated in section 6.

2. THERMAL-ELECTRICAL ANALOGY

Electrical circuit analogues as the one shown in Figure 1, have
been largely applied to represent thermal dynamics [4]. This

analogy represents thermal mass as a capacitor, Cth, and ther-
mal inertia is modeled by a resistor, Rth. A current source rep-
resents heat flux or generation, Q, and voltages represent tem-
perature, T.
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Figure 1. Cauer network with heat source, Q.

3. MODEL STRUCTURE AND COMPONENTS PROPER-
TIES

The motor under study is a totally enclosed machine (see Fig-
ure 2). Therefore, air will recirculate internally, and the heat
transfer is typically limited by inner heat transfer (e.g. conduc-
tion through insulating materials) and convection between ro-
tor, stator and external surfaces [1]. Main motor components
considered in thermal dynamics are listed in Table 1. For sim-
plicity, temperature is assumed uniform inside each one of the
components. A series of Cauer networks are employed to repre-
sent heat capacity of each component by an equivalent capacitor
(Cth), and the heat transfer resistance to other components or
the ambient by (Rth) . Heat capacity can be estimated theoret-
ically from components properties and dimensions as presented
in the last column of Table 1.

Figure 2. Windshield wiper motor under study.

Internal heating in electrical machines is the result of Joule
losses

(
i2R
)

in windings, core losses due to eddy currents
and hysteresis in armature steel (Piron), conduction losses in
permanent magnets (Pmag) and mechanical losses (aero and
bearings).
Equivalent circuit shown in Figure 3, can be obtained by
identifying trough measurement, heat transfer paths that may
be neglected without compromising significantly the model
accuracy.



Material Mass [Kg] Sp.Heat capacity
[
J/kg
K

]
Heat capacity

[
J
K

]
Shaft Steel 0.029 500 14.5
Armature Steel 0.152 500 76
Winding Copper 0.0572 385 22.022
Magnets Ferrit MnZn 0.05232 1050 54.936
Stator Steel 0.1281 500 64.05
Gear housing Alluminium 0.1529 900 137.61

Table 1. Computed values of thermal capacity for each considered
motor component.
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Figure 3. Equivalent Cauer network of thermal model of PMDC motor.

Variable resistances Rx (ω) and R2 (ω) represent respectively
winding-stator and armature-stator convection resistances,
which are function of motor speed. Iron losses in the armature
(Piron) and the magnets (Pmag) are function of motor speed,
armature current and dimensions [5]. Model structure is
represented by the set of Equations 1, which are reorganized
to follow the state space notation: ẋ = A · x + B · u, where
the states x correspond to instantaneous temperatures on each
component and the inputs u represent the heat sources: joule
(i2 · R) where the value of R depends on cooper temperature,
iron (Piron) and magnet losses (Pmag).

dT1

dt
= −Rx +R1

C1R1Rx
· T1 +

1

C1R1
· T2 +

1

C1Rx
· T4 +

1

C1
· i2R

dT2

dt
=

1

R1C2
· T1 −

R1 +R2

R1R2C2
· T2 +

1

R2C2
· T3 +

1

C2
· Piron

dT3

dt
=

1

R2C3
· T2 −

R3 +R2

R2R3C3
· T3 +

1

R3C3
· T4 +

1

C3
· Pmag

dT4

dt
=

1

RxC4
· T1 +

1

R3C4
· T3+

1

C4
·
(
− 1

R3
− 1

R4
− 1

Ry
− 1

Rx

)
· T4 +

1

R4C4
· T5

dT5

dt
=

1

C5R4
· T4 +

(
− 1

C5R4
− 1

C5R5

)
· T5

(1)

Then, back-Euler method can be applied to obtain a dis-
crete model:

xk+1 = Ad · xk +Bd · uk (2)

Where,

Ad = I + Ts ·A,
Bd = Ts ·B

Ts is the sample time and I is the identity matrix.

3.1. Parameters identification

Discrete model represented by Equation 2 can be considered
as "grey box" estimation problem. Grey-box implies the knowl-
edge of the model structure based on the understanding of the
physical dynamics and system constraints [6]. Parameters esti-
mation involves constrained optimization using the Sequential
Quadratic Programming (SQP) algorithm of Matlab to find the
minimum of a function of bounded variables [7]. In this partic-
ular case, the objective is to minimize the error function

e = f(Ad, Bd) =(T1(k)− T̂1(k))
2 + (T4(k)− T̂4(k))

2

+ (T5(k)− T̂5(k))
2

(3)

which corresponds to the difference between the model pre-
diction (T̂1, T̂4, T̂5) and the measured temperatures (T1, T4, T5).

Finding the global optimum depends on parameters con-
straints and the initial values. Constraints incorporate additional
knowledge into estimation process by bounding disturbances
within physical limits, thereby providing robustness to faulty
measurements or non-convergences. Initial values for thermal
capacity Cth can be assigned directly from Table 1 [8], and
the estimation constraints are fixed at ±20%. Initial values
and constraints for thermal resistance Rth, are more difficult to
define, since heat transfer occurs in radial and axial direction.
Also, parameters may have important variations with motor
speed, current and temperature. Therefore, initial values and
constraints for thermal resistances are selected from multiple
algorithm executions where the estimation converges to nearly
the same solution.

4. VALIDATION SETUP
Thermal model is evaluated using a dedicated test bench (see
figure 5). The platform consist of an hysteresis dynamometer
which allows to set a desired load or speed on motor shaft and
three thermocouples to measure ambient, gear-housing and sta-
tor temperatures.Voltage, current and thermal signals are sent to
a computer for control and supervision. Winding temperature is
measured through a hole on the bottom of motor housing by an
infrared sensor. Mechanical, electrical and thermal variables are
sampled at 2 Hz.

The procedure applied to test the windshield wiper motor has
two main steps:

• Temperature rise: Rated voltage is applied under constant
load conditions. If winding temperature reaches 120 ◦C,
the power source is turned off, otherwise, the voltage is
maintained during 30 minutes.

• Temperature decrease : While power source is turned off.
Motor temperatures are recorded during 3 hours. A test
was registered for different load configurations from 0 to
200 mNm.

5. RESULTS
Model parameters have been estimated considering a set of

six tests (see table 4). Mechanical losses have been assumed to
be 10 % of total. The remaining 90 %, is considered equally
distributed between iron and magnet losses.

Model performance for different load setting is shown in Fig-
ures 6 and 7.

Model prediction differs from measurement in less than 8%
of maximum allowed winding temperature (120 ◦C) for the pa-
rameters obtained from global optimization (set of tests). The
parameters variation obtained individually for each test is un-
der 16% of the mean for all the tests. Temperature peaks have
been identified after the power source is switched off, which is
explained by the absence of cooling effect due to motor rotation.



 

Load [mNm] R1 R2 R3 R4 R5 C1 C2 C3 C4 C5 Rx Ry 

Piron 

& 

Pmag 

[W] 

Max 

error [°C] 

0 1,5315 360 8,395 0,876 1,152 108,6 25,323 54,9296 63 136,0905 1,694 9,34 9 6.4 

20 1,3965 360 8,395 0,876 1,16706194 108,6 25,323 54,9296 57 134,1046 1,694 8,83 7.23 8.2 

30 1,3965 360 8,395 0,876 1,17604305 108,6 25,323 54,9296 57,330 136,0905 1,694 10,632 6.975 7.9 

50 1,3965 360 8,395 0,876 1,31562446 108,6 25,323 54,9296 57 136,0905 1,694 10,632 6.375 8.2 

70 1,3965 360 8,395 0,876 1,45780136 108,6 25,323 54,9296 57,806 136,0905 1,694 10,632 5.7 8.1 

100 1,5435 360 8,395 0,766 1,48106028 108,6 25,323 54,9296 63 136,0905 1,694 7,088 5.475 9.8 

150 1,5435 440 7,154 0,876 1,6007398 108,6 25,323 54,9296 63 136,0905 1,694 10,632 4.975 8.8 

200 1,4762 440 6,205 0,752 1,61993252 108,6 25,323 54,9296 63 136,0905 1,694 7,088 4.125 9.8 

Mean 1,4601 380 7,966 0,846 1,37128292 108,6 25,323 54,9296 60,142 135,8422 1,694 9,36 N.A. 9.95 

Global optim 1,3965 400 6,205 0,876 1,61919404 108,6 23,373 44,9424 60,392 136,0905 1,694 10,632 N.A. 9.6 
 

Figure 4. Estimated parameters local and global.
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Figure 5. Renault S.A.S. DC Motors test bench.

0 1000 2000 3000 4000 5000 6000

Time [s]

25

30

35

40

45

50

55

60

65

70

75

80

85

90

95

100

105

110

115

120

125

130

135

T
em

pe
ra

tu
re

 [°
C

]

 Predicted and measuerd winding temperature

Model:0mNm Load
Measurament:0mNm Load
Model: 50mNm Load
Measurament:50mNm Load
Model:70mNm Load
Measurament:70mNm Load
Model:100mNm Load
Measurament:100mNm Load
Model:150mNm Load
Measurament:150mNm Load
Model:200mNm Load
Measurament:200mNm Load

Figure 6. Winding temperature measurement vs model prediction for different
constant load test.

6. CONCLUSIONS

It has been shown that a thermal model based on equivalent
Cauer network can be successfully used to predict PMDC mo-
tors winding temperature for a wide range of load conditions.
This is important in the analysis of motor life expectancy and
control strategy design. Model implementation is suitable
for real time applications where computation and memory
are limited (e.g. 32-bits low consumption micro-controllers).
Model structure and estimation methodology can be adapted in
general to any low power PMDC motor. Future research will be
started soon carrying out more detailed analysis to improve iron
and magnet losses individual contribution and load transients in
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Figure 7. Difference between model prediction and measurement.

thermal dynamics.
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